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Open-Shell SCF Calculations with a Model
Potential Method
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A model potential proposed by Huzinaga and his coworkers has been incorporated
into the generalized coupling operator for open-shell SCF. With this modified
operator, valence-only calculations have been performed on the ground and Rydberg
excited states of the water molecule and compared with the ab initio SCF results
previously reported.
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1. Introduction

In recent years, there have been many ab initio SCF calculations of polyatomic
molecules [1]. In the closed-shell case, the Hartree-Fock-Roothaan SCF method is
usually straightforward [2] . However, in the open-shell case, the situation becomes
more complicated due to the existence of off-diagonal Lagrange multipliers which
couple the open shells with the closed shells and other open shells [3,4]. The
principal problem is the elimination of the off-diagonal Lagrange multipliers in the
Euler equations for the linearization of the equations to be solved. The coupling
operator method developed by Roothaan [3] and extended by Huzinaga [4] has
overcome this problem and the method has been applied to open-shell systems in
both ab initio and semiempirical frameworks.

The generalized form of the coupling operator method which satisfies the correct
variational condition has recently been discussed by Huzinaga {5] and also by

Hirao and Nakatsuji [6]. In a previous paper [7], the author has modified their oper-
ator into a unique form taking into account the fact that the Hermitian conditions for
the Lagrange multipliers among closed shells are automatically fulfilled and some ab
initio applications for open-shell systems were reported [8].

As the number of electrons in the system increases, the ab initio method becomes
expensive even for molecules of moderate size. Because of the computational problem
associated with the ab initio method, attempts have been made to use the method

of pseudo or model potential for valence-only calculations of polyatomic molecules
[9-15]. The formalism of pseudopotential theory for one electron outside of a core

is well known. The theory has recently been extended to the case in which the valence
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electrons lie in a closed shell outside the inner cores in the molecule [13, 16], and
applications to closed-shell polyatomic molecules have been reported [9-15]. Huzinaga
and his coworkers gave a promising approach for the construction of the model potential
in atoms and molecules by the use of Gaussian-type functions [14, 15]. The present
work incorporates their model potential method into the unique coupling operator for
open-shell SCF as previously given [7]. The open-shell states of polyatomic molecules
can then be treated by valence-only calculations.

This work outlines the necessary formalism and its application to the ground state and
Rydberg excited states of the water molecule.

2. Theoretical

The molecular model potential method proposed by Huzinaga and his coworkers
[14, 15] will be outlined to show the development of our formalism for open-shell
states of polyatomic molecules.

Consider a molecular system which contains N atoms with individual core regions
numbered as C1,C2, ..., CI, ... CN. The Ith core, CI, contains Ny electrons and
the valence region of the whole molecular system contains V,, electrons.

The total wavefunction is now assumed to have the form;
N\ =MAP[‘I)CI<I)02 e CI)CI' .. CIDCNQJU]

where M is the normalization constant and 4, represents partial antisymmetrizer [17].
Here, all the core wavefunctions assume an antisymmetrized and normalized Slater
determinant of doubly occupied atomic core orbitals, {¢,—CI }:

Ber = (1Ner)? det[¢F (1) (1) ¢F7(2)B(2) - . . 9§ oy Wer — Da@Wer 1)

¢Ic\}ICI/2(NCI)5(NCI)]; I=1,2,.. N

For the system in which the valence manifold contains both closed and open shells,
the wavefunction, @, = ®,({¢%}) is generally a linear combination of Slater determin-
ants appropriately constructed to be an eigenfunction of symmetry and spin for the
particular state under study. Here the {@}} are the molecular valence orbitals which
are to be expanded in terms of the atomic valence orbitals brought in from the
preparatory works on atoms.

Assuming the following orthogonality conditions [14, 17];
(@516 =848
g =0
(B7lgfr =64 68

the total energy of the system can be written as [14, 15]:

N N
E=(D,|H,|®)+ 2 Ecr+ 2 Ecrer ()
T >7
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The third term has been approximated by the simple expression:

Eer NZy—=Nep)Zy— Ney)
cr,cr = Ryy

Since the component wavefunctions for the cores are assumed to be the Slater determin-
ants of doubly occupied atomic core orbitals, the second term in the total energy expres-
sion is given by:

Nci/2 Nerl2

Ecr=2 % HE + kzl (U3 - K&t

Now the Hamiltonian, A,, in the first term of Eq. (2) can be written as:

~ N v N N Ncrl2
Hy (%A z )+Z z (QJCI KCI)+Z__
I i>j
Huzinaga and his coworkers [14, 15] have shown that the above H,, can be safely
replaced by the model Hamiltonian, H,,,,.

Ny Ny 1
Fum = 5 @)+ D> — ®)
i >
where
N Ncy

o () = =34 - Z Vian + 23 BEIeEN 6L
with
V) = 2N 1+ 4] exp (b + 4 exp -abr]
I

With the above model Hamiltonian and ®,,, the Hartree-Fock~Roothaan molecular
valence orbitals, {¢%}, for open-shell systems can be determined by the introduction
of the generalized coupling operator method in the following manner.

The valence energy
Ey, =4, | Hyp |0,

can be writtten in general as:

v =2 zH + Z QG —KH)+ 2 velHRe + 2 (T — KHo)l
k€0

icC

2 QR - BriK ) (4)
k,I€0
where the occupied valence orbitals are now split into two classes; C and O for closed
shell and open shell respectively [7]. a;; and B; are the coupling constants dependent
on the state under study. vy, is the fractional occupancy of the kth MO.
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H};, Ji; and K represent core, Coulomb and exchange integrals of the valence MO’s
respectively, and they are given as:

HE; =} [ |60

i =119

K3 =(e¥ K} ¢}
with

T8(e) = [ 1630907 ()] dup(a)

KPa o) = [ 18} 0)60)ruy] dvydf ()
Here h,, in the core integral is the one-electron part of the model Hamiltonian given in

€
The Euler equations derived from the valence energy variation are:
Fllefy= 2 gilef  i€C
JEN

and

FPlop = 2 exle)); k<O
JEN

where
1%
Fo=hy+ 3 (I —KD+ > —[2J% - K}]
ieC P =Te) 2

and
v .Yk v v v v
FY=\ bt 2 (I K|+ 2 Qowd} — BriKT)
2 iec 1€0
Here N is a manifold generated by a set of SCF occupied valence orbitals. The {e;} are
the Lagrange multipliers which ensure the orthogonality of the valence orbitals.
Projectors are now defined corresponding to the above Fock operators:
NY=P,+P,, IY=P+P,
with
Po= 2 APXeP |, Py =gk
iec
Py= 2 louXeul
uev

where the {¢},} are the set of SCF virtual orbitals generating the manifold, V within
the valence region., )
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We can now build a unique coupling operator using the projectors defined above [7]:

RU = ROU + TU
with
Roy=IRFRNZ+ 3 IGFYIL

k<o
and

T,= kéo {Qck — M )P(FY — FOP, + (e — M) Pe(F2 — FR)P.}
+ %g Mk — M) Pi(F i — FY)Py,

where the {A;} are the arbitrary non-zero numbers with the condition: A;; # A;;. They
are chosen such that:

Nee = Ak =1, X — A = LI > k)

This choice has been found to give satisfactory convergence in the previous ab initio
works [7, 8].

The term T, in the above coupling operator ensures the Hermiticity of the Lagrange
multipliers during the SCF iterative process, and the coupling operator satisfies the
correct variational condition for the valence orbital SCF.

With this operator, the Hartree-Fock equations for valence-only calculations are reduced
into a single pseudo-secular equation:

R,I1¢P) =¢€;10¥); i€EN

With the above scheme, the open-shell states as well as the closed-shell state can be
handled without the limitation on the number of open shells in the valence region.
As an example, calculations on the ground and Rydberg excited states of the water
molecule have been performed. ‘

3. Calculations

The model potentials used for the cores in a molecule have to be brought in from the
preparatory work on atoms. McWilliams and Huzinaga {15] adapted the so-called Pople
4-31G Gaussian-type basis [18] for use with model potential calculations.

In the present work, we have used their contraction scheme for the oxygen core and
valence orbitals, together with the model potential parameters they have proposed (see
Tables I and IV in Ref. [15]). Pople’s basis set with the scale factors, {’ =1.27 and

¢" =1.25 (in Pople’s notation), has been used for the hydrogens [18]. The above basis
set has been augmented with one set of diffuse s and p Gaussians on the oxygen atom
with an exponent of 0.028 in order to get a better description of the Rydberg excited
states [19].

The geometrical parameters used in this work are the same as those used in the previous
ab initio study {71.
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4. Results and Discussion

The water molecule has been studied in many calculations both in ab initio and semi-
empirical frameworks due to its chemical importance [19]. In a previous paper, a unique
generalized coupling operator for open-shell SCF has been discussed and applied to ab
initio calculations of the ground and lower excited states of the water molecule [7].

The basis set used in the calculations was a double zeta basis set of contracted Gaussians
from Dunning [20] and Huzinaga [21], augmented with two diffuse s functions and a
set of diffuse p functions. The vertical transition energies obtained and the known
experimental data [22] are reproduced in columns III and IV of the table.

With the coupling operator scheme for the valence-only SCF discussed in the previous
section, the valence energies, E),’s, have been optimized for the ground and the lower
excited states. For the 14 ground state, £, = —23.9802 a.u. Energies for the vertical
transitions from the ground state to the Rydberg excited states are calculated from the
valence energy differences between the ground and the excited states, and they are
shown in column I of the table.

Using a basis set comparable to that used in the valence-only calculations, the ab initio
SCF calculations were repeated. The Pople 4-31G basis [18] set augmented with a set
of diffuse s and p functions on the oxygen atom with an exponent of 0.028 were used
for the calculations. Only the hydrogen basis set was scaled [18],i.e.,{’ = 1.27 and

¢" =1.25. These ab initio results, as seen in column II of the table, may then be
directly compared with the results of the present valence-only calculations.

McWilliams and Huzinaga studied the geometry and the orbital energies of the ground

state of the water molecule with their model potential method [15]. The orbital energies
they obtained from the valence-only calculation agree well with the ab initio results. It is
seen from the table that the model potential they proposed is also able to reproduce the

ab initio SCF results for the excited states of the water molecule as well. According to

the above formulation, the attractive local model potential should be the same for the
ground and excited states of the system, and by using the common model potential both

for the ground and excited states, ab initjo SCF results for the excited states may be reprodu
equally well.

Table 1. SCF results

1
Present Valence- 1I 1 v
only Calculations Pople 4-31G Previous ab initio  Experimental

Total energy of

14, ground state (a.u.) —75.913 —~76.003
Excitation energy (eV)
14, ~3B, 5.92 5.95 6.27 7.2
4, 1B, 6.32 6.33 6.70 74
14,34, 8.05 8.09 8.13 -

14, ~14, 8.17 8.20 8.26 9.1
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Comparison of experimental and computed transition energies shows that the theoreti-
cal transition energies have lower values both for ab initio and valence-only calculations.
This trend has been attributed to be the effect of electron correlation [19], which has
not been taken into account in the present scheme. Recently, Freed discussed the possi-
bility for the inclusion of the correlation effect in valence-only calculations [23], which
is beyond the scope of the present work.

Because of the computational problems associated with the ab initio calculations of
polyatomic molecules, it is desirable to use a model potential such as this in order to
calculate the approximate excited states of large molecules. The present scheme

handles any number of open shells together with the closed shell and is expected to be
very useful for the calculations of open-shell states of large organic molecules and tran-
sition metal complexes. Applications of the present method to large polyatomic systems
will be reported elsewhere.
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